A modified Dirac equation is presented in both its complex-valued four-spinor form and its quaternion-valued two-spinor form. The modified Dirac equation is a Klein-Gordon square root in the usual sense of being linear in the spacetime derivatives and having the same energy eigenvalues as the Klein-Gordon equation has. The modified Dirac equation has the following two merits, as compared with the standard Dirac equation: Firstly, its quaternion-valued equivalent is invariant under the automorphism group of the quaternions. Secondly, it decouples the left-and righthanded components of the spinor, even in the massive case, thereby providing a potential solution of the fermion mass problem of the electroweak theory.
Introduction
Gürsey [1] and Hestenes [2] , among others, have reformulated the Dirac equation in quaternion-valued form. In order to be algebraically equivalent to the Dirac equation, their equations are forced to break the automorphism group of the quaternions; they both contain an explicit choice of direction in the sphere of imaginary quaternion units. The cause of this can be traced back to the presence of an explicit i in the Dirac equation.
This symmetry breaking of the automorphism group of the quaternions seems unappealing and it is the motivation for finding a modified Dirac equation which has a quaternion-valued equivalent with explicit automorphism symmetry. Such a modified Dirac equation is presented in this article, in both its complexvalued four-spinor form and its equivalent quaternion-valued two-spinor form.
The article is organized as follows: To make the transition form the complexvalued four-spinor form to the quaternion-valued two-spinor form straightforward, Sec. 2 contains material on the Lorentz algebra and Sec. 3 contains material on spinor representations of the Lorentz algebra. In Sec. 4 the standard Dirac equation is presented and, finally, in Sec. 5 the modified Dirac equation is presented in both its complex-valued four-spinor form and its equivalent quaternion-valued two-spinor form.
Lorentz algebra
The rotational properties of spacetime, characterized by the Lorentz algebra, are most succinctly expressed as
where S = (S 1 , S 2 , S 3 ) and K = (K 1 , K 2 , K 3 ) are operator-valued three-vectors which depend on the physical object they act upon. The operators S generate rotations of space and the operators K generate boosts. In components the Lorentz algebra is given by
where ε ijk is the three-dimensional Levi-Civita tensor, with ε 123 = 1. The Einstein summation convention is used and (space) indices are raised and lowered with δ ij and δ ij , respectively. Introducing the operator-valued matrix M by
the Lorentz algebra, Eqs. (1)- (3), may be written equivalently as
where η µν is the flat spacetime metric.
3 Spinor representations of the Lorentz algebra
Complex-valued
The physically most important complex-valued representation of the Lorentz algebra, Eq. (4), is the four-dimensional sl (2, C) spinor representation
where γ µ = (γ 0 , γ) are the 4 × 4 complex-valued matrices obeying the Dirac algebra
where 1 n denotes the n × n identity matrix (analogously, 0 n denotes the n × n matrix with zero entries only). The representation acts on a complex-valued four-spinor field ψ.
A possible explicit choice for γ µ is given by
where τ = −iσ (σ are the standard Pauli matrices), implying the explicit choice
Define γ 5 by
It obeys the algebra
Quaternion-valued
A possible, and of interest to this article, quaternion-valued representation of the Lorentz algebra, Eq. (4), is the two-dimensional sp (1, C) representation
where Q µ = (Q 0 , Q) are 2 × 2 quaternion-valued matrices obeying the (Dirac) algebra
The representation acts on a quaternion-valued two-spinor field B.
A possible explicit choice for Q µ is given by
where q are the imaginary quaternion units, implying the explicit choice
Define Q 5 by
It obeys
Notice the close structural resemblence of all equations of the present and the former section.
Standard Dirac equation
The Klein-Gordon equation is obtained by performing the 'classical-to-quantum'
where φ is a complex-valued scalar (spin zero) field. This equation implies ∂ µ j µ = 0 where
The explicit appearence of ∂ t in j 0 makes j 0 non-definite and therefore unsuitable as a probability density for the field φ. The explicit appearence of ∂ t in (18) is a consequence of the second order differential operator ∂ 2 t in (17). To avoid an explicit ∂ t in j 0 the corresponding field equation must be firstorder in ∂ t . Then, to be relativistically invariant the field equation must be linear in ∂ µ , generally. This demands looking for a first-order field equation which, to be consistent with both p µ → −i ∂ µ and p µ p µ = (mc) 2 , should have the same energy eigenvalues as the Klein-Gordon equation has. Loosely speaking, the task at hand is to find a 'square root' of the Klein-Gordon equation.
The energy eigenvalues of the Klein-Gordon equation can be obtained by parametrizing φ as
and inserting it into (17) thereby getting, not surprisingly, p µ p µ φ = (mc) 2 φ which implies that the energy eigenvalues are determined by p µ p µ = (mc) 2 . Dirac was the first to obtain a proper 'square root' of the Klein-Gordon equation. He postulated [3] the equation
where ψ is a complex-valued four-spinor field and γ µ obeys (6). The Dirac equation implies ∂ µ j µ = 0 where
Eq. (6) implies γ 2 0 = 1 4 so that j 0 = ψ † ψ which is positive definitive. This fact makes it possible to interpret j 0 as the probability density of the field ψ, thus solving the probability interpretational problem of the Klein-Gordon equation.
The energy eigenvalues of the Dirac equation can, analogous to the KleinGordon case considered above, be obtained by parametrizing ψ as
and inserting it into (19) thereby getting γ µ p µ ψ = (mc) ψ. Squaring this, using (6), gives p µ p µ ψ = (mc) 2 ψ which implies that the energy eigenvalues are determined by p µ p µ = (mc) 2 ; the same as the energy eigenvalues of the Klein-Gordon equation.
Modified Dirac equation

Complex-valued
The Dirac equation, Eq. (19), and the parametrizing form of its field, Eq. (21), can be trivially rewritten as γ µ i∂ µ ψ = (mc) ψ and ψ = exp(−iη µν p µ x ν / )ψ 0 . Now, using the suggestive resemblence of i 2 = −1 and γ 2 5 = −1 4 perform the substitution i → γ 5 in these, obtaining the modified Dirac equation
with Ψ parametrized by
Inserting Ψ into (22) gives, using γ
which squared implies p µ p µ Ψ = (mc) 2 Ψ, i.e., the modified Dirac equation has the same energy eigenvalues as the standard Dirac equation. Also, Eq. (10), implies that
Therefore, the modified Dirac equation is physically and probabilistically welldefined. A very important difference between the standard Dirac equation and the modified Dirac equation is the following: Define the left-and righthanded components of ψ and Ψ, respectively, by
In terms of these, the Dirac equation and the modified Dirac equation can be written equivalently as
and
respectively. For the standard Dirac equation the left-and righthanded components are coupled, Eqs. (24)- (25), whereas for the modified Dirac equation they are uncoupled, Eqs. (26)-(27). This is a crucial difference when considering the fermion mass problem of the electroweak theory where any nonzero mass destroys the SU (2) L invariance of the standard Dirac equation because ψ L transforms as an SU (2) L -doublet whereas ψ R transforms as an SU (2) L -singlet. The standard remedy is the introduction of the unsatisfactory 'Yukawa-like' Higgsfermion couplings [4] . The fermion mass problem is not present for the modified Dirac equation.
Quaternion-valued
Exploiting the structural resemblence of Eqs. (5)-(10) and Eqs. (11)-(16), the modified Dirac equation can be straightforwardly translated to its fully equivalent quaternion-valued two-spinor form
where B is now parametrized as
Eq. (28) is more appealing than the quaternion-valued Dirac-equivalents presented by Gürsey [1] and by Hestenes [2] , among others, because it is explicitly invariant under the automorphisms group of the quaternions.
